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Indefinite Integration

gl. If f & g are functions of x such that g’(x) = f(x) then,
&}
@) J fxX)dx=g(xX)+c < d%{g(x)+c} = f(x), where c is called the constant of integration.
@©
§2. Standard Formula:
N ax+b)""* dx 1
i) J (ax+b)”dx:% +c,n#-1 (i) J A :gln(ax+b)+c
px+q
(iii) J e+ dx :1 ex*+ ¢ (iv) J ar*a dx = — +c;,a>0
a p /na
. 1 _ 1 .
V) J sin (ax+b)dx =—— cos (ax+b)+c (vi) J cos(ax+ b)dx =— sin (ax+ b) + ¢
a a
1 1 .
(vii) J tan(ax+ b) dx =— Insec (ax+ b)+ ¢ (viii) J cot(ax+b)dx =— In sin(ax +b)+ ¢
a a
1 1
(ix) J sec? (ax + b) dx :g tan(ax + b) + ¢ (x) J cosec?(ax + b) dx = — = cot(ax + b)+ ¢
a

1
(X|) J sec (ax + b).tan (ax + b) dx =— sec (ax + b) + ¢
a
(xii) J cosec (ax + b). cot (ax + b) dx = _i cosec (ax + b) + ¢
a
X
(xiii) J secx dx = In (secx + tanx) + ¢ OR In tan [%+E)+c

X
(xiv) J cosec xdx = In (cosecx — cotx) + c OR In tanE + ¢ OR —/In(cosecx + cotx) + ¢

1
J. d—X = sin‘15 +C (xvi) _[ K =— tan—li +cC
a

. 1/a2_x2 a a’+x> a

vwvw.TekoCIasses com & vwvw.MathsB

—
X
<

~

O
'ﬁ(xvn) J ﬁ =— sec” 15 +c (xviii) I \/7 [X + \/X +a’ ] OR sinh‘lg +c
G ix
g(xix) J \/% [X+w/x —a* ] OR cosh‘15 +cC
E X" —a a
@)
= dx 1 a+x _ dx 1 x—a
"'G—)(xx) J PR :2_a In| 25| +¢ (xxi) J NCRRPY, :2_a In| 3ig | * ¢
(@)]
@©
_é(xxu)_“ Jat=x? dx— Jat=x? +— sin™? . — +cC
©
o x+Vx% +a
S(xXiii) J Jx%+a? dx =2 x> +a’ +a— Zn[ J +C
'g 2 2
A x* -a
g(xxw) J N dx— NG aZ [ J+c
CU ax
o(xxv) e*. sin bx dx = (asin bx — b cos bx) + ¢
- a®+b?
= o
D(xxw) _[ e* cos bx dx = o (acosbx + bsinbx)+c
a’+

53. Theorems on integration
o (i) j cf(x)dx =¢ I f(x).dx (ii) J' (f(x) £ g(x))dx = j f(x)dx + g(x)dx

LL
(i) j F(X)dx = g)+C = j f(ax +b)dx = w +
Note : (i) every contineous function is integrable
(ir) the integral of a function reffered only by a constant.
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[100dx = g + ¢

=h(x) +c
g'(x) =1(x) & h'(x) = f(x)
= g(x)-h'(x)=0
8 means, g(x) — h(x) =c¢
5 : : 5
§Example . Evaluate : J4X dx
4 2
SSolution. J‘4X5 dx = — x¢+C= < x¢+C.
N 6 3
CE\ 7 2
: ] X3 45x% -4+ =+ |dx
wnExample : Evaluate : I ( X Jx
Solution I x3 +5x2 —4+7+— dx
N X \/;

:Jx dx+J5x dx_j4dx+j dx+J.—dx

Jx dx +5_Jx dx_4_J.1.dx+ 7_j;dx +2_Ix‘1’2dx

4 3 x1/2
T+5 ?—4x+7log|x|+2 12| tC

x* 5
=7 3x —4x+7log|x|+4 Jx +C
Example : Evaluate : J'exloga+ealogx + egdloga dx
Solution. We have,

J'exloga L galogx galoga 4o

X a a
# je'oga +l09x" 4 gloga” gy j(ax+xa+aa) dx

website: www.TekoClasses.com & www.Math

ax a+l
:Iaxdx+Ixadx+Jaadx = + X sa x+C
loga " a+1
X+3X
Example : Evaluate:j = dx
_ 2% 4 3%
Solution. j < dx
5
E X X X X
S ) 2_+3_ B (gj {gj b (3/5)*
= = J(5 ox ‘J 5) '\5) | ™% 10g.2/5 ¥ log,3/5 * €
()
8Example: Evaluate : Isin3xcos3x dx
A4 1 ) 3
%Solution. =3 J.(Zsmxcosx) dx
o 1 1 3sin2x —sin6x
I in3 - =
% —Sjstxdx _8.[ 2
> 1 1 3 1
+ — i —si = — | ——C0S2X +—C0S6X
) 3 J(3S|n2x sin6x) dx 3 { 5 6 }+C
©
© 4
QExampIe: Evaluate : I > dx
% X“+1
4
X
OSolution. I > dx
()] X +1
L Coexfe1el 0 xt a1 1 _J‘ 2 g x* .
H:J _J.—x2+1 —IX2+1+X2+ldx— (x° -1 dx + =3 —xttanix+C
- J
Example: Evaluate : 419%2 dx
_ 1
Solution. We have Jm
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1 1
"9 J4 ;o
5+x
g 1I 1 11 '1()() 1 1(3_xj
O =9 Ve ™ =9 (23 @iz tCgtant | )+C
%?Example : ICOSXCOSZXdX
e
SSolution. Icosxcostdx
2
= %JZCOSX cos 2x dx
1 3 1 sin3x+sinx
—EJ(COS X + COS X) dx =3 3 T )+t

Self Practice Problems

Evaluate : Itanzx dx

=

Ans. tanx—-x+ C

N

Evaluate : I - Ans. tanx-—-secx + C
1+sinx

Integration by Subsitutions

If we subsitute x = ¢(t) in a integral then

(i) everywhere x will be replaced in terms of t.
(i1i) o(t) should be able to take all possible value that x can take.

=

(i) dx also gets converted in terms of dt.

Example :
Solution.

Example :

www. TekoClasses.com & www.MathsB

Solution.

e from website

Example :
Solution.

y Packag

Example :
Solution.

FREE Download Stud

3o 4
Evaluate : IX sinX™ dx

We have

I= J'x"‘ sinx* dx

1
Let x* =t = d(x*) =dt = 4x3 dx =.dt= dx:ﬁ dt
2
J'(Enx) dx
X
2
J‘(ﬁnx) dx
X
1
Put nx =t = ;dx:dt
dx
= [t ] = _ [
f (Xj J.tdt
t3 /! 3

Evaluate I(1+ sin? x)cos x dx
Put sinx =t

cosx dx = dt
2 t3 sin® x
J(1+t)dt:t+—+c =sin x + +cC
3 3
Evaluate : J‘; dx
I xt x4
We have,
J- X
1= J-x4+x2+1 dx = (x?)? +x% +1 dx
dt
Let x2 =t, then, d (x?) = dt = 2x dx = dt = dx = o
X dt 1 1 1 1
t“+t+1  2x 2 t“+t+1 2 1) \/§ 2
t+—| +| —
() (%)
1
-1 itan-1 t+§ +C
I
2 2

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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(f(X))l‘n
1-n

1 1 (2t+1j (Zx +1J
=T tant |75 | +C= tan? + C.
3 NG 5 N
E n+1
' (x
8Note (i) J [f)"f'(x)dx = (O (i) J (x)
. n+1
[f 00"
% dx
c (iii) J ———————neN Takex"common & putl+x™"=t.
> X(x" +1)
N . dx _
> (iv) _[ — Gy NE N, take x" common & put 1+x™ = t"
Z(Xn 1 n
dx
V) I T take x" common asx and put 1 + x " =1t.
X" £n+ x”)
-Self Practice Proble
1. I sec’x dx Ans. /n|l+tanx|+C
1+tanx
sin(/nx
2. j%dx Ans. -—cos(/nx)+C

5. Integration by Part :
d
j (F(x) 9(x)) dx = f(x) j @) dx — | (d—x(f(x)) [(ge0) dxj dx
(i) when you find integral IQ(X)dX then it will-not contain arb

(ii) IQ(X)dX should be taken as same both terms.

(iii) the choice of f(x) and g(x) is decided by ILATE rule.

the function'will come later is taken an integral function.
- Inverse function
Logrithimic function
Algeberic function
Trigonometric.function
Exponential function

m—->r=

_)
_)
_)
_)

Example : Evaluate : Ixtan‘lx dx

website: www.TekoClasses.com & www.MathsB

Solution. Ixtan‘lx dx

1l
~~
~—+
Q
-}
s
x
-
|><
|
—

2 2
X“+1-1 X

J.z— dx = =— tan? x - — Il—
X +1 2

= — tan? x — > [x —tan x] + C.

Package from
|
N |
o
3
.
|
[~ N

Example : Evaluate : J.X log(1+ x) dx

y

Solution. Jx log(1+ x) dx

2 2
X 1 X
= +1)., — - |— . —
og (x + 1) > il 2dx
2 2 1

[ S -]

2

X -1 1

j + —— dx
X+1 x+1

JCEE

X2
7—x+log|x+1| +C

log (x + 1) —

log (x +1) -

log (x + 1) -

FREE Download Stud

Nk NP Nk NR

log (x + 1) -

NIESSENI LS LRSI £ ¥

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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Example : Evaluate : Iezx sin3x dx
ESOIution. LetI= jezxsin3x dx. Then,
8 I= jezxsin3x dx
(@) _ cos3x ox [ €0S3X 1 2 ox
L_G = I=e? ( 3 j—j2e ( 3 jdx = I——3e2 cos3x+3_[e cos3X dx
3 . .
1 2 2y SIN3X oy SIN3X
=— 5 e¥ = |e——— |2 ——dx
% = I 3 e* cos 3x + 3 { 3 I 3 }
1 2 4 .
(7)) — _ = ax — @2 gj - = eZXSIn3X
5 == I 3e cos3x+9e sin 3x 9_[ dx
© 1 2 _ 4 4 e .
> = I:—EeZX cos3x+§e2X SIH3X—§I = I+§I: (2 sin 3x — 3 cos 3x)
] 13 eZX 2X
= ?I: 9 (2 sin 3x — 3 cos 3x) = I= (2sin3x -3cos3x)+C
oINote : (i) J ex[f(x) + f'(x)] dx = e* f(x) + ¢ (i) J [f(x) + xf "(x)] dx = x f(x) + C
gExam le : jex — 5 dx
o amee (x+1)2
0 Xx+1-1 1 1 e
q) . eX ex — — =
8Solutlon. I (x+1)2 dx = I ((x+1) (x+1)2J dx x+1) +c
© « (1-sinx
OExampIe : I (1_003)() dx
o
—54) 1—23in§cos5
FSolution Iex 2 2 dx
' 2sin? X
Iex L cosed? —cot X d - _excot X 4
g = > 5 )X = —e*co > c
8E | IZn(an)+ A d
—Example : X
8 P (/nx)?
Solution. ut X =e!
() p
1
= = Iet Znt+— dt = Jet mi-2ii ) g = et (fnt——j
& 2 t t 2 t
o 1
¢+ - X {Zn (znx)——} +cC
1<) /nx
c%'Self Practice Problems
_Ec)l. Ixsinxdx Ans. —xcosx+sinx+C
gz. x?e* dx Ans. Xx2e*—2xe*+2e*+C
>6. Integration of Rational Algebraic Functions by using Partial Fractions:

"OPARTIAL FRACTIONS :

tu

)
U) If f(x) and g(x) are two polynomials, then — <
- 9(x)
f(x

Olf degree of f(x) < degree of g(x), then — _y 9(x)

wn

@)
f(x)

FREE D

form o(x) + — v 9(x)

)

Thus, 9(x)

Successful People Replace the words like; "wish",

"try" & "should" with "l Will"

defines a rational algebraic function of a rational function of x.
is called a proper rational function.

f(x)
If degree of f(x) > degree of g(x) then @ is called an improper rational function

f(x)

f @ is an improper rational function, we divide f(x) by g(x) so that the rational function @ is expressed in the
where ¢(x) and y(x) are polynomials such that the degree of y(x) is less than that of g(x).

is expressible as the sum of a polynomial and a proper rational function.

. Ineffective People don't.
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Example Resolve

Solution. We have,

Note : In orderto determine the value of constants in the'numerator of the partial fraction corresponding to the non--

Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com
)
a(x) _
factor of g(x). Each such fraction is called a partial fraction and the process of obtained them is called the

f(x)
resolutions or decomposition of @ into partial fractions.

Any proper rational function — 7 can be expressed as the sum of rational functions, each having a simple

)
The resolution of — 5 9(x) into partial fractions depends mainly upon the nature of the factors of g(x) as

discussed below. _ _ _ o
CASE | When denominator is expressible as the product of non-repeating linear factors.
Letg(x)=(x—a) (x—a,) ..... (x—a, ). Then, we assume that

f(x) Aq A, An

= + +

g(x) X—ay X—a, X—ap
where A, A, ...... A are constants and can be determlned by equating the numerator on R.H.S. to the
numerator én L.H.S" and then substitutingx =a,, a,, ........ a

3x+2
x® —6x? +11x - 6
3x+2 3x+2
X2 —6x? +11x-6 ~ (x-1)(x-2)(x-3)
3X+2 A B B
Let (X-D(x-2)(x-3) = 1 + 2 + X_S.Then,
3X+2 AX-2)(x-3)+B(x-D(x-3)+C(x-1)(x-2)
= (X-D(x-2)(x-3) (X -1)(x—2)(x-3)
= X+2=AX-2)(x=3)+BxX-1)(x=-3)+C(x-1) (X=2) .ceee..... (i)
Putting x —1=0orx = 11n (i), we get

page 7 of 89

n

into partial fractions.

5=A1-2)1-3)=A= g

Putting x=2 =0 or, X = 2 in (i), we obtain
8=B((2-1)(2-3)=>B=-8.
Putting x —3=0or,x = 3in (i), we obtain

11
11=C(3-1)(3=2)=>C= 5.

3X+2 3X+2 5 8 11
= o — +
x3 —6x2 +11x -6 (X=D(x=2)(x - 3) 2(x-1) X—2 2(x=3)

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.

8 repeated linear factor px + g in the deneminator of @ rational expression; we may proceed as follows :
= Replace x = - 4 (obtained by putting px + g =0) everywhere in the given rational expression except in the
g factor px + q itself. For example, in the above illustration the value of A is obtained by replacing x by 1 in
o 3X+2
o= Y
% all factors of X -1 (x—-2)(x-3) except (x —1) i.e.
3x1+2 5
© = —— - _ =
X’ 1-2)1-3) 2
% Similarly, we have
al 3x2+1 3x3+2 11
vy oy —8and,C= oo o =
%\ T (1-2)2-3) © B-D(B-2) 2
EExampIe : Resolve X _SX +10x-2 into partial fractions.
2 _ X*-5x+6 . _ o
Solution. Here the given function is an improper rational function. On dividing we get
kS 3 gy
x3 —6x2 +10x -2 (=x+4)
o =x— — i
= 2 5y 16 X—-1+ 2 _Bx+6) e (i)
= A X+4  —x+4
8 we have, 2 _Bx+6  (Xx-2)(x-3)
— 4 A
I So, let X-2(x-3) ~ x_2 * o 3 X+4=AXx-3)+Bx-2) ... (i)
Y Putt|ng>1<—?é(1)0 or, x-13|n (i), we get
LL

Putting x — 2 =0 or, x = 2 in (ii), we get
2:A(2—3):>A:—2
X +4 -2 1 x® —6x% +10x -2 2 2

— Y . = — + H =x-1- +
(X-2)(x-3) ~ x_2 T x_3 e T o 6 X x_2 @ x-3

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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CASE Il When the denominator g(x) is expressible as the product of the linear factors such that some of
them are repeating.

1 1

= Example 9X) = (X-a) (X—ag)(X—ay)(X-2) this can be expressed as
8 Ay N Az N As 4 Ak N B, N B B,
G_) X—a (X—a)2 (X—a)3 (X—a)k (X—al) (X—az) ...... (X—a,)
G Now to determine constants we equate numerators on both sides. Some of the constants are determined
c by substitution as in case | and remaining are obtained by
-
N The following example illustrate the procedure.
U>J~ 3x -2 _ _ _ j (3x —2)dx
gExample : Resolve (x—1D2(x +1)(x + 2) into partial fractions, and evaluate (x—12(x+ D(x +2)
Solution. Voo Tl o0 et e

= 3Xx—-2= (x—l)(x+1)(x+2)+A(x+1)(x+2)

+A, (X =12 (x+ 2)+A(x—1)2(x+1) ....... (i
Puttingx—1=0or,x=1 in (i) we get

1
1:A2(1+1)(1+2):>A2:g
Putting x + 1 =0 or, x = =1 in (i) we get

5
-5=A,(-2)* (_1+2):>A3:_Z

Putting x + 2 =0 or, x = =2 in (i) we get

-8=A,(-3)*(-1)=A,= g
Now equating coefficient of x® on both sides, we-get 0 =A, + A, + A,
5 8 13
= Al:_A3_A4:Z_§:%
3x=2 13 1 5 8
(X=D2(x+D)(x+2) - 36(x-1)  6(x-1% T 4(x+1) T 9x+2)
j (3x=2)dx
(X -1 (X +D(X+2)

and hence

5 8
n|x —1] - —€n|x+1|+§€n|x+2|+c

1
~ 36 6(x—1) 4
CASE Il When some of the factors of denominator g(x) are quadratic but.non-repeating. Corresponding to

AX+B

each quadratic factor ax? +bx + c;we assume partial fraction of the type m where A and B are

constants to be determined by comparing coefficients of similar powers of x in the numerator of both sides.
A(2ax +b) B

2 + 2
ax‘ +bx+c ax‘ +bx+c

In practice it is advisable to assume partial fractions of the type

ge from website: www.TekoClasses.com & www.M

The following example illustrates the procedure

2x-1 ) _ _ I
Example : Resolve (x+ (<2 + 2) into partial fractions and evaluate

Soluti Lot ——l A Bx4C
. e = —
orution x+D(%+2) T x4l x2+2

2x-1 A(X? +2) + (Bx + C)(x +1)

(X+)(x2+2) ~ (X +1)(x? +2)
= 2x—1=AX?+2)+(Bx+C)(x+1) (i)
Putting x + 1 =0o0r, x=-1in (i), we get—3=A3) =>A=-1.
Comparing coefficients of the like powers of x on both sides of (i), we get
A+B=0,C+2A=-landC+B=2
-1+B=0,C-2=-1(PuttingA=-1)
= T o X+D(x*+2) ~ " x+1  x2+2
[—2x2 L e e X
Hence x+1)(x2+2) dx =—/n|x+1]+ Py Mmxz+ 1]+ 2 tan 2 +cC
CASE IV When some of the factors of the denominator g(x) are quadratic and repeating fractions of the

0(2ax ), A A(2ax+b) A,
form 2 2 2
ax? +bx+c ax‘ +bx+c (ax +bx+c)2 (ax +bx+c)2

2x -1
x+1)(x° 1 2)

cka

. Then,

FREE Download Study Pa

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.
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Aps(ax+b) Ay }

+ o +
(ax2+bx+c)< (ax2 +bx+c)<
g The following example illustrates the procedure.
2x-3
&) ) _erms . _
c-)ExampIe. Resolve (x—1)(x2 +1)° into partial fractions.
f__ﬁ _ 2X -3 A Bx+C Dx+E
=Solution. Let —(x—l)(x2 )’ T xo1 + 211 + —(x2 1) . Then,
CQ\ 2x—-3=AX*+1)?+(Bx+C) (x-1) (x*+1)+(Dx+E)(x-1) ... (i)
1
C(% Puttingx:1in(i),Weget—le(1+1)2:>A:—Z
e Equation coefficients of like powers of x, we have
E A+B=0,C-B=0,2A+B-C+D=0,C+E-B-D=2andA-C-E=-3.
1
2. Putting A =— 2 and solving these equations, we get
§ B—E—CD—E dE—E
Ty TP yandE=g
o 2x -3 -1 x+1 X+5
c X-DC+1? ~ 4x-1) T ax?+1) T 2(x2+1)?
o
OExample : Resolve 21 into partial fractions.
& _
Bsoluti We have, —=— = X
8 olution. e have, 1 (k=D +x+1)
@© So. let 2X _A+Bx+C T
% O -2 xaD) T X1 xZaxal O
2X=A(X24x+1)+Bx+C)(x-1) - e [
>
2
= Putting x — 1L=00r, x = 1in (i), we get 2= 3A = A= 3
2
% Puttingx:Oin(i),wegetA—C:O:C:A:5
Putting x = —1 in (i),;\we get -2 =.A + 2B - 2 C.
P 2 4 2
g = —2:§+ZB—§:>B:—§
& 2x _2 \ 1 =2/3x4203 2x _ 2 it 1-x
. — or Epe T T
v _ x3-1 7 3 x-1 X2 +X+1 x3=1 3 x-1 3 x?ix+1
=Self Practice Problems
= 1 X +2
i —————dx
gl. 0] J-(x+2)(x+3) Ans. /n x+3 +C
o i J'd—x A lf +1 lf 2+1 +lt Tx)+C
% (i) (X +1)(x2 +1) ns. > n |x | - a n (x ) > an (x)
4 dx dx
O i 2
1L Integration of type Jax2+bx+c "[\/ax2+bx+c ,Nax +bx+c dx
D>-‘ Express ax? + bx + ¢ in the form of perfect square & then apply the standard results.
gExampIe ; Evaluate : J. X? +2x+5 dx
ﬁSolution. We have,
'% J.x/x2+2x+5 :j X2 +2x+1+4 dx
o 1 1
I= =5 X+ 1) Jx-12+27 + 5 (2log|(x + 1) + (x+1?+27 |+ C
= 2 2
1
8 =5 (x+1) Jx2 —ox45 +2log (X +1) + /2 o545 | +C
1
HExampIe : Evaluate : JZ— dx
o X°—-x+1
LL solution. J-; dx = j 1 dx = J'+ dx
X2 —x+1 2 1 1 (x-1/2)*+3/4
X =X+———+1

_ : __L (ﬂ}
= x-12)2+ (V3 12f dx= g BT zy2 ) TC

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.

page 9 of 89

Teko Classes, Maths : Suhag R. Kariya (S. R. K. Sir), Bhopal Phone : 0903 903 7779, 098930 58881.



Get Solution of These Packages & Learn by Video Tutorials on www.MathsBySuhag.com

ERNE=

& . 1
Example : Evaluate : dx
8 IV9+8x—x2
. 1
Eﬁolutlon. Im dx
7 e J :
Q = i —ex—gp =) o sxr16-25p &
C(% J'; j; - (x-4j
£ = ey = e ap ax=sint 5 )+
©Self Practice Problems

1 1 2x -1
1. jm dx Ans. 5 /n %12 ‘ +C
3 3
2. _[ o 3% 2 dx Ans. \/— log ( jﬂfx +2X ll+c

0o

Integration of type

pXx+q PX+( Ncarowm
J‘ax 2 tbx+c j\/m dx, I(PX+Q) ax“ +bx+c dx

Express px + q = A (differential co—efficient of denominator) + B.
2X+3

Example : Evaluate : _[ m dx

_[ 2X +3

VX2 +4x+1 dx

_[ (2x+4)-1 j 2Xx+4 J‘ 1
~ ) X raxst dx VX2 +4x+1 dx VX34 4x+1 %
1
= | 7T - dx, wheret=x2+4x + 1
J.\/{ \/(x+2)2—(\/§)2
=2 Jt “log | (x+2)+ VX% +4x+1}+ C

=24x% +4x+1 =log | x+ 2+ VxZ+4x41|+C
Example : Evaluate : j(X—S)sz +X dx

Solution.

d
Solution. Let(x—=5)=Ax. ax (X2 + x) + p. Then,
X—=5=A1(2x+ 1)+ .
Comparing coefficients of like powers of x, we get

1 11
1:2kandk+p:—5:>kzzandp ==

e from website: www.TekoClasses.com & www.M

J.(X—S) X2 +x dx

1 11
= j (§(2X+1)_?j X2+X dX
1 11
jE(ZX"‘l) x% +x dx — > J.VX2+X dx
1 11
EI(2X+1) x2 +x dx ey J.VX2+X dx

2 2
1 11 1 1
= — R X+—| —|— = x?
> I\/? dt > H( +2j (Zj dx where t = x2 + x

2 2
2 " 3/2 2 |2\ 2 2 2

FREE Download Study Packag
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N TGS S R O

&
8 :—taxz_l_l {2X+1 x2+x—%€n (x+%j+\/x2+x } +C
o)
@©
g :1(x2+x)3/z__1 {ZXT” x2+x—%€n (x+%j+\/x2+x }+C
3 2
cQSelf Practice Problems
C(%l j X+1 d A 1 | , 1 . 2X+1
ct Z1xs3 X ns. Eog|x +x+3|+—m tan —Jﬁ +C
X_
g I 6x—5
-2. mdx Ans. 2 \3x2_5x+1 tC
%3_ J.(x—l)\/1+x+x2 dx
1 3 9
) Ans. E(x2+x+1)3’2—§(2x+1) V14 X+ x2 —E|Og(2X+1+2w/x2+x+l)+C
g9. Integration of trigonometric functions
i e ——ry| X R | dx
, -
D a + bsin?x a + bcos®x asin®x + bsinxcosx + ccos?x
8 Multiply Nr & Dr by sec? x & put tan x = t.
©
— dx dx dx
Oyii V< OR ——— OR
o( ) I a + bsinx I a + bcosx -[ a + bsinx + ccosx
—&4) Hint:  Convertsines & cosines into their respective tangents of half the‘angles and then,
= X
. put tan—- =t
2
% acosx+b.sinx+c d
(iii) I .coSx BN+ dx. Express Nr.=A(Dr) + Bd—X (Dr) + ¢ & proceed.
) 1
Example : Evaluate : J— dx
n 1+ sin X'+ cos X
0 1
QLSolution. I= j—
; 1+'sin X+ cos x
1
&
o - I1+ 2tanx/2 +1—tan2x/2 dx
HCI_) 1+tan®x/2 1+tan®x/2
o _ I 1+tan?x/2 _ J' sec? x/2
_ECU ~ Ji1ttan®x/2+2tanx/2+1-tan’x/2  J2+2tanx/2
&) X 1 X
© Putting tan— =tand - sec? - dx = dt, we get
o 2 2 2
1 X
%‘ I:detzlog|t+1l+C:Iog tan5+l‘+c
-]
‘A 3sinx +2cosx
U)Example : Evaluate : J—
S 3Ccos X+ 2sinx
(US lut (= jSSinx+2cosx
% otution. ~ J3cosx+2sinx
d
% Let 3sinx + 2cos x = A. ax (3cosx+2sinx)+ p(3cosx+ 2sinx)
QO = 3sinx+2cosx=A(-3sinx+2cosx)+pu(3cosx+2sinx)
Comparing the coefficients of sin x and cos x on both sides, we get
ﬂ 12 5
o —-3r+2u=3and2r+3u=2 = p:Eandk:—E
LL

_ [M(=3sinXx +2cosx) + A(3cosX +2sinX)
I= dx

3cosx+2sinx
-3sin X+ 2cosx
3cosXx +2sinXx

:kj.l.dx "'MI
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dt
=AX+pu IT,Wheret:BCosx+Zsinx

-5 12
=AX+uin|t]|+C=75x+ S In|3cosx+2sinx|+C

E 13 13
®)
(&) 3cosx+2
-Example : Evaluate : I .
(@)) sSinX+2cosx +3
@© . 3cosx+2
< Solution. We have, I= I ,
] sinX+2cosx +3

Let3cosx+2=A(sinx+2cosx+3)+ p(cosx—2sinx)+v
Comparing the coefficients of sin x, cos x and constant term on both sides, we get
A—2u=0,2A +pn=3,3 +v=2

= A= — —and v=- —

A(SinX+2cos X +3)+ pu(cosx —2sinx) + v
1= j - dx
sinx +2cosx+3

COSX —2Sin x 1
= szfdxw f . dx+vf . dx
SiNX+2cosx+3 SiNX+2cosx+3
= =AXx+plog|sinx+2cosx+3|+vI,where

1
17 J‘sinx+2cosx+3 dx

butt _ 2tanx/2 1-tan®x/2 .
utting, sinx = —————, X= ————
9 1+tan?x/2 " ©0° 1+tanix/2 ¢ 9€
1

dx

L=
1 2tanx/2 +2(1—tan2x/2)+3
1+tan®x/2 1+tan’®x/2

1+ tan®x/2
- -[Ztanx/2+2—2tan2x/2+3(1+tan2x/2) dx
:J sec?x/2
tan® x/2+2tanx/2+5
. X 1 X X
Putting tan 3 =t and £y sec? 5 =dt or sec? £y dx = 2 dt, we get

: _J‘ 2dt
17 )2 4 2t+5

X
dt 2 t+1 tan5+1
=2 Im = — tan™ S =tan? | —(——

2 2
tan§+1
Hence, I =Ax + pulog|sinx+2cosx + 3|+ vtan? s +C

y Package from website: www.TekoClasses.com & www.MathsByS

here A = =3 dv= 8
where i = o, u= g andv=- ¢
-g dx
—Example : j P
wn 1+3cos” x
-%S uti J' sec? x dx 1 s (tanxj o
olution. = | — = — tan-
o tan’ x + 4 2 2
"cSelf Practice Problems
%1 J'4sinx+SCosx A 40 N 9 log [5sinx + 4 ‘C
Al 5sinx +4cosx X ns. 41 X 41 0g [Ssinx + 4cosx|
LL| . Cm .
w10. Integration of type |sin"x.cos xdx
o Case -I: If m and n are even natural number then converts higher power into higher angles.
Ll Case - II: If at least m or nis odd natural number then if m is odd put cosx = t and vice-versa.
Case - III: When m + n is a negative even integer then put tan x =t.
Example: Isins x cos* x dx
Solution. put cos x=t = —sinx dx = dt
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Solution.
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2
0 X 31
~11.-Integration of type: J 2, 1 dx where K is any constant.
Q
= 1
8 Divide Nr & Dr by x2 & put x F ;:t.
<)
1— 2

gExampIe: J %dx
o 1+X° +X
g (1—12jdx

X 1 dt
Q i 1 = = -
%Solutlon. J x2+i2+1 X+ = t = J 21

X
S 1, [t
Dc? -5 T +C
> x+i_1
E L
6/_") T2 n X+=+1 *e
® | (2
OExample : Evaluate : a1 dx
"CSolution. We have,
= 1
o I:I 2 dx
o) X" +1

2
N - e
= I:j 1 dx = 1= Py j 1 dx
E X%+ X%+
X X

Successful People Replace the words like; "wish", "try" & "should" with "I Will". Ineffective People don't.

=— fa-t v at
- j(t8—2t6+t4) dt

t° 27 f°
— + — +

=_ j(t“ - 2t? +1) t4 dt

9 7 5
9 7 5
CoSs” X cos” x
=— +2COSX— +c Ans.
9 7 5

I(sin x)Y3(cosx) /3 dx

I(sin x)Y3(cosx) 73 dx

= J (tanx)*3 >
COS“ X
put tanx =t = secx dx = dt
3

= |3 dt = = g

J 4 e

3
=2 (tanx)*® + ¢ Ans.

Isinz xcos* x dx

1 .2

3 jsm 2Xx(1+ cos 2x)dx

% Isin22x dx +% Isin22x cos 2x dx

i3
sin® 2x
= 1 J-(l—cos4x)dx+% ( J

16 3
A sin4x p sin® 2x .\
T 16~ 64 48 ¢
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1+i2 1—% -1
, 1 XZ X dx 1j X2 1j x2 dx
= = - = =
2 x2+i2 x2+i2 1 2 72 1
X X %2 2
1 1
1+ = 1—- —
1 X2 1 X2
= 1= J.—z dx - —~ j—z dx
RGN
X——1 +2 X+—| -2
X X
. 1 .
Putting x — — = uin 1st integral and x + — = v in 2nd integral, we get

1ju+\/_)2 J%

u) o1 1 |V \/—|

\/— tan? 27325 Iog |v+\/_|
1 1(x 1/xj |X+1/X \/_|
- 2\/5 tan- 4x/_ log |X+1/X+\/_|

X -1 1 |x —\/§x+1|

1
- — —1 _
22 n (ﬁxj w2 9 [ ixf2+1] T C

Self Practice Problem :

x+1—3
1 | ol Ans L 1| +c
. N X ns.. 5 n wilis
X
y y =~/2 1
2. _[ Jtanx dx Ans. J_ tan? (J—J 2 /n J_ + C wherey =tan x — @nx
12. Integration of type
dx dx
OR ; put px + q = t2
. J:cux +b)\/px+q J’(ax2+bx+c)\/px+q L i
2 1
= _ J‘ q
BExampIe Evaluate : (X—3)x/x_+1 X
) _ J’ 1
§Solut|0n. Letl= —(X—3)\/X_+l dx
- Here, P and Q both.are linear, sowe put Q =t? i.e. x + 1 =t?and dx = 2t dt
o I 1 2
Y =\
o) (t* -1-3) {2
o
© _Idt _ 1 |t-2] _ 1 Vx+1-2
_5 = =2 t2—22_ 2(2) og|t+2|+C = I_E og m+2 + C.
Dc? J’ X+2
>‘Example : Evaluate : (X% +3x+ 39X + 1 dx
-g _ J’ X+2
mSolutlon. Letl= (x2+3x+3)\/x+1 dx
'8 j (t? +1) 2t dt
Putti +1=t =2 1=
O utting x t2, and dx = 2t dt, we get (2~ 1) +3(t2 —1)+3}\/t_2
c
= 2 1+i2
Q =N Izszdtzzj—tdt
D t4+t2+1 t2+i+1
L t*
L 1
' J‘ du 1 2 u 2 _t
Ll I= (J_)Z Wheret—Y: = I:ﬁtan-1 E +C:ﬁtan-1 J3 | +C
2 t2-1 X
- — —1 e —
= I—ﬁtan t\/_ +C= J_tan m +C
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13. Integration of type

dx
dx 1 j 1
& ,putax+b:—;vftj 2, 2 , put x =—
8 \:[CUX +b}/ pxZ+gx+r b )\/p *d t
S dx
E?Example: \‘[x +1~ \/x2+x+1
> — dt — dt
Dsolution = | 2 _[—F——
> (1) (1 1 e
m 2= T-1] +2 21
7 t) |\t t
:__4—6 _J‘ —dt _J’ —dt
S STt ( 1} 3
t——|+—
3 2) 4
2
% =——¢n|t-=+ (t—%} +% +C
o
& J‘ dx
8Examp|e: (1+X2)\/?
U'; 1 J‘ dt
%Solution. Putx = ¢ = 1= (@ +IVE 1
% put t2—1=y?
@) [y W Ly
o 2
1 1-x
I_. :—\/Etan-l{ﬁXJ+C
%Self Practice’Problems :
dx
_q)_l. j —(X+2)\/X_+l Ans. 2tan? («/x+l) +C
]
o — dx \/X_+1
2} _ | o
82. I(x2+5x+6)Jx+1 Ans. ~ 2tan («/x+1) ﬁtanl( ﬁ J+C
Eg An H— ) 2 X+1
. s. sint|=——=——=|+C
g (X +DV1+x = x? V5
2
)
T — ER
%4. (2X2+1) [1-x2 Ans. - \/g tan ﬁxz +C
Dc? J' dx 1 VX2 +2x -4 -6 (x +1)
>§' (X2 +2x+2Wx%2 +2x -4 Ans. ~od6 " VX2 +2x -4 ++/6 (x+1) *e
S14. Integration of type
ras
N X—a _
'% I B x dxorJ‘\/(X—GRB—Xj; put x = & cos?0 + P sin?0
9o
g J‘,X_g dxorJ‘\/(X—dRX—Bj; put x = o sec?0 — B tan20
X_
o
S I dx ; putx—a=tlorx— P =t
X—a N X—
H:J Jx—a)x—B)
lL15. Reduction formula of Itan”xdx , Icot”xdx : Jsecnxdx : jcosec”xdx
1. I = jtan”xdx = Itanzxtan”‘zxdx = I(seczx—l) tan"-2x dx
tan" ™ x

. In:E’[)seczxtan”‘2 +dx -1, - I = -1,
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2 I = jcot” xdx = jcotz cot"?x dx = J‘(coseczx—l)cot”‘2 x dx
- I = jcoseczxcot”‘zxdx _1 . [ = cot _1
E n n-2 n n-1 n-2
o
O3, I = Isec” x dx = Isecz x sec" % x dx
(@)}
f_—ts = I = tanx sec" ?x — I(tan X)(N—-2) sec"-3 x. secx tanx dx.
> = I =tanx sec" 2 x dx — (n —2) (sec? x — 1) sec"~2x dx
n = (n—l)I—tanxsecn X+(N-2)1 -2
>
_ tanxsec"” N n-2
" n-1 n-1
4. I = J.cosec”dx = Icoseczx cosec"-2x dx
= I = - cotx cosec" 2x + I(cotx)(n —2) (- cosec"—3x cosec x cot x) dx
= —cotx cosec" 2x — (n - 2) j cot” xcosec"?x dx
= I = - cotx cosec" 2 — (n - 2) I(COSGCZX—l) cosec" -2 x dx
= (n—1)I =-cotxcosec" ?x+(n-2)2 ,
cotxcosec"%x , -2
" n-1 n-1
Example : Obtain reducation formula for I = J sin"x dx. Hence evaluate J sin®x dx
Solution. I = J (sin x)-(sinx)"* dx
I 1

= —cosX (sin x)™=* + (n — 1) J (sin x)"2 cos?x dx

=—cosXx (sinx)"* + (n-1) I (sin.x)"? (1 — sin3x) dx
[ =—cosx(sinx)"+(mn-11 —(N=1)1
cos x(sinx)"™ , (0=

I,== >2
= n n n n-2 (n )
_cosx(sinx)® 8 cosxsinx) 1
HenceI4——f+4 723 o +C

Self Practice Problems :

e from website: www.TekoClasses.com & www.MathsB

1 I = Ans. J(x—3)(x=4) +/n (Jx—3+x-4)+C
o~ | e (\/2 x J +C
g
dx x-1
O]
& o s 7[5 e
dx dx
-§h. Deduce the reduction formulafor I = j 1+ x%)" and Hence evaluate I, = j (1+ x*)?
= X 4n-5
N =
S Ans. 1= g x "t T an-1) b
© 1 1
9o X 3| 1 1575 1 X+;‘\5
[ I.="7," 2, +— tan™ - /n +C
= 2 A@Q+xT) 4 o2 V2 | a2 |t
o X
O
HS. If = j(sin X)™ (cos x)" dx then prove that
: m+1 n-1 -1
E 1= (sinx)"""(cosx) ML . ]
' m+n m+n ™"
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